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Abstract 

Family of equations, which is the generalization of the K(m, m) 
equation, is considered. Periodic wave solutions for the family of non- 
linear equations are constructed. 



1 Introduction 

Seeking to understand the role of nonlinear dispersion in the formation of 
patterns in liquid drops in 1993 Rosenau and Hyman pQ introduced a fam- 
ily of fully nonlinear K(m, n) equations and also presented solutions of the 
K(2, 2) equation to illustrate the remarkable behavior of these equations. 
The K(m, n) equations have the property that for certain m and n their soli- 
tary wave solutions have compact support. That is, they vanish identically 
outside a finite core region. These properties have a wide application in the 
fields of Physics and Mathematics, such as Nonlinear Optics, Geophysics, 
Fluid Dynamics and others. Later, this equation was studied by various 
scientists worldwide [2"HH]. 

In this paper we construct periodic wave solutions for the following family 
of nonlinear partial differential equations 



Q u J-L^ d 2k+1 u m 

7)7 + 5>*T)^T- = > N>1, m?l, a k ^0. (1) 



k=0 



The equation ([I]) is of order 2N + 1 and depends on N + 2 parame- 
ters denoted by ckq, ajv, m. This family contains a number of well-known 
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generalizations of partial differential equations which were considered be- 
fore P3H2H]. 

This paper is organized as follows. In Section 2 we describe a method 
which enables one to construct periodic wave solutions for the concerned 
family of nonlinear partial differential equations. In Sections 3-6 we give 
several specific examples for some meanings of N. 

2 Method applied 

Applying traveling-wave variable 

u(x, t) = y(z), z = x — C t (2) 
to Eq.flT]) and integrating the results yield the following Nth-order equation 



S afc ^Jr- C 'ol/ = 0, N>1, ro^l, a k ^0. (3) 

fc=0 

The constant of integration is set to be zero. Substituting y(z) = F(z) p 
into 

d 2N y m r n 

we have p = Note that Eq.(E]) is an autonomous equation, and we can 
substitute z to (z — z ). We will take this fact into account in final solution, 
but we omit this substitution in our calculations. We search solutions of 
Eq.([3]) in the form 

1 2N 

y(z) = (A N )™-^ cos—i (B N {z - z )). (4) 

There is a remarkable property of a function cos(Bn z). First of all we 
have to show expansion terms of Eq. ([3]) . 

In the case k = 1 we have the following expression 

d 2 _2rn_ (2mBl) 2 2m 

— — ■ cos™- 1 (Bi z) = g cos™- 1 (Biz) + 

(m-1) 

2m(m+l)B 1 2 

^ cos™- 1 [Bxz) . 

(m — 1) 
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In the case k = 2 we obtain 

ICmgtW + Urf + 5m + 1) ^ag^ (J?2 z) + (6) 
SmSKSm + l)(m + 3)(m + 1) 



(777 - l) 4 

In the case = 3 we get 



4 

COS™" 1 (£> 2 -2J 



rf 6 (6777-B3) 6 _6m_ 

— cos™- 1 (B 3 z) = — — cos— 1 (B 3 z) + 

dz° (777 — l) b 

96 7775 3 6 (5 777 +l)(7 777 2 + 777 + l)(19 777 2 + 7777 +l) 2(2 m+i) 
— COS rn-l (B 3 Z)- 

(777 — lj b 

144mS 3 6 (2 777 +l)(5777 +l)(777 +l)(14777 2 + 8m+5) 2(m+2) 

^ >-±— ^- ^ ^ cos^- £3 z) + 

(777 — lj b 

72 777S3 6 (5 777 + 1) (2 777 + 1) (777 + 5) (777 + 2) (777 + 1) _6 



COS m-l (_g 3 £) 



(777 - 1) 6 

(7) 

In the general case k = N derivative takes the form 

d 2N Mm,„ , . . N (2NmB N ) 2N m»,„ , 
^oos»-i (-Bat = (-1)" (m _ 1)2jV oos-i (£atz) + 

, ^N+l B2 N M t N Wrn-m+1) ^j^B^M™ 2 { Nm-2m+2) 

+(-!) + (m _ij 2j v cos - 1 + (m _ 1)2j v cos "- 1 (^^) + 

/ 1 xiV+l B 2 N N M 2N 2(iV m -3 m+ 3) 



COS m-1 (.07V 2) + 7 — T^TTT COS m-1 (Bjy Z 



2JV 



(777 -l) 2JV V JV ' (777 -l) 2W 

(8) 

where M 2N , M 2 ^ are polynomials of 2iV power. 
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Substituting Eq.flS]) into Eq.(E]) we obtain the expression 

/ {2NmB N f {2NmB N f N (2NmB N ) 2N , J} , 

N ~ ( m -l)2 ^ + ( m _l)4 ^ - - + (-1) (m _ l)2JV ^AT ] COS— (B N Z) 



, A ( B%M? B%Mj B™M™ \ 



2(JVm-m + l) 
COS m ~ 1 {B N z) + 



, ( B%M\ B%M$ . ^ N B 2 N N M 2N \ 2 ( iv m - 2m+ 2) 

+ N [ ( m -l)2(iV-l) - (m-1) 2 ^ I COS m-i (Bjv Z) + 

(m"-lj^ ajvAjv ~ C ° ) COS ~ (jBjv 2) = °" 

(9) 

Equating coefficients at powers of cos (B N z) to zero yields an algebraic 
system. Solving this system we obtain the values of parameters A N , B N and 
correlations on the coefficients ckq, a at. 

3 Periodic wave solutions of the K(m,m) equa- 
tion 

The first member of the family ([T]) in the case N = 1 takes the form 

d 3 u m 

u t + a {u m ) x + a 1 {u rn ) 3tX = 0, {u m \ x = -^~ r , 
m/1, a , a\ ^ 0. 

Taking the traveling wave ansatz (j2J) into account, we have the equation 
with respect to y(z) 

n m 

a!(y m h,z + «o2/ m -C y = 0, {y m \ z = (11) 

Following the procedure suggested in the previous section we obtain the 
equation 



(2mB 1 ) 2 



2m 



a 2 a i I A-! cos™- 1 (Bi z) + 

(m — 1) 



'121 



- ( 2m{m ^ ] Bl 2 A, ai -C ) cos^r ( Bl z) = 0. 
m — 1 ' 2 



Equating coefficients at powers of cos (B\ z) to zero we get values of pa- 
rameters Ai, Bi 



^ = ^X7y (13) 
a {m + 1) 



= WhlzI) , m + o. (14) 



Solutions of Eq.flTzJ) are the following 



i 



/ 2C m \ 2 / [a^ (m- 1) \ 

V(Z) = ; r COS™- 1 a (Z — Zn) ■ 15 

In the case a = = 1 formula ffTBT) is a solution of a well-known 

K (171,11) equation with n = m [I]. 



4 Periodic wave solutions of Eq.Q in the case 
N=2 

In this section we will construct exact solutions of the family (OQ) at iV = 2. 
In this case Eq. takes the form 

u t + a (u m ) x + a 1 (u m ) 3 p + a 2 {u m ) 5iX = 0, ( M m ) 5l , 



cfe 5 ' (16) 

m/1, Of); Oil, Q!2 7^ 0. 

Making the substitution (jSJ) into (TT6|) and integrating the result we obtain 

« 2 (y m )4, z + «i(?/ m ) 2 , 2 - C y + a y m = 0, (y m ) 4 , 2 = -£ r . (17) 

Substitution of solution (j2J) into ffTTj) allows us to get the following equa- 
tion 



(AmB 2 f (AmB 



\ 1 



A 2 [a - — -ai + — -a 2 cos™-* (B 2 z) + 

\ (m — 1)^ (m — l) 4 / 

, /4m(3ra + l) . 16m(15m 3 + 11m 2 + 5m + 1) . \ g^m+i] 
+^ ( (m _ 1)2 ^ [)i ^ 2 J cos 

/8m(3m 3 + 13m 2 + 13m + 3) r4 \ ^ . n 

+ ( f m _ n4 ^ 2 ^ 2 « 2 - C J cos— 1 (£ 2 z) = 0. 



(18) 

Solving this equation we obtain 

2 3 C m(m + 1) ,1 
« (3m + l)(m + 3) 3 



/W (m - 1) V5m 2 + 2m + 1 

S 2=W rn ' m^0,-l, 20 

V ai 4m(m + 1) 



Q2 = *^±jM. . (21) 
m(5m 2 + 2m + 1) c*o 

Formula (j3J) in the case iV = 2 is the following 



i 



2 3 C m(m + 1) \ m-i _j_ I fa^(m — l)\/5m 2 + 2m + 1 s 
yUJ= 1 a (3m + l)(m + 3)J C ° Sm " ^ 4m(m + l) {Z ~ Z ° ' 

(22) 

5 Periodic wave solutions of Eq.(Ej) in the case 
N=3 

Formula ([T]) in the case N = 3 is 

u t + a (u m ) x + a^u™)^ + ot 2 (u m ) Wx + a 3 (u m ) 7 , x = 0, 

(23) 

d 7 u m 

{u m )7, x = ~T^T> m 7^ 1, ao,tti,a2,a3 7^ 0- 

Using traveling wave reduction (0), the following ordinary differential 
equation takes the form 

a 3 (y m ) 6 , z +a 2 {y m ) 4>z +a 1 (y m ) 2)Z +aoy m -C y = 0, {y m ) 6>z = (24) 



In the case N = 3 from Eq.([9]) we obtain values of the parameters A 3 , B- 
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2 3 Co( , 

« (5m + l)(m + 5)(m + 1) 5 



fa^(m - 1) V49m 4 + 92m 3 + 78m 2 + 20m + 4 



Oil 



6(2m + l)(m + 2)m 



m^0,--,-2. 

(26) 



Relations between the coefficients ao, oti, «2 and are the following 
9(2m + l) 2 (m + 2) 2 m 2 (14m 2 + 8m + 5)a 2 



Q'2 



(49m 4 + 92m 3 + 78m 2 + 20m + 4) 2 a ' 



(27) 



81m 4 (2m + l) 4 (m + 2) 4 a 3 
(49m 4 + 92m 3 + 78m 2 + 20m + 4) 3 a 2 l ' 



«3 



Solutions of Eq.f l24|) take the form 
y(z) = (A 3 )^r cos^f (B 3 (z - zq)), 



(28) 



(29) 



where values of parameters A3, B% are given by formulae (125]) and (1261) . 

In the case m — 3, Co = 1, zq — 0, «o = 1 and cti = 1 solution of Eq. 
(1291 is presented in Fig. 1. 




Figure 1: Solution of Eq. 

«0 = 1) Oil — 1- 



in the case N — 3, m = 3, C = 1, Zq — 0, 



Note that in the case iV = C(2Z + 1), where C is an arbitrary constant 
and / = 1,2,.., solutions © are alike solution given in Fig. 1. 
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6 Periodic wave solutions of Eq.(j3j) in the case 
N=4 

Let us look for exact solutions of the family (pQ) in the case N=4 

u t + a (u m ) x + ai(w m ) 3ia; + a 2 {u m \ x + a 3 (u m ) 7 , x + a 4 (u m ) 9tX = 0, 

d 9 u m (30) 
(u m ) 9)X = -j-Q-, a ,a!,a 2 ,a 3 ,aA 0. 

This equation possesses the traveling wave reduction fl2]) with y(z) satis- 
fying the equation 

My m )s,z + « 3 (?/ m )6, 2 + a 2 (2/ m ) 4 , 2 + ai{y m h,z + «o?/ m - C y = 0, 

d 8 y m ( 31 ) 



(y r 



dz 8 



Following the procedure suggested in section 2 we obtain values of the 
parameters A4, £? 4 

2 7 Q ) m(m + 3)(3m + l)(m + l) 1 _5 _3 _ 

4 a (3m + 5)(7m + l)(m + 7)(5m + 3)' ™ ^ 7' 3' 5' ' l j 



[c^(m- l)V205m 6 + 830m 5 + 1423m 4 + 1108m 3 + 443m 2 + 78m + 9 

B A - 



«i 8(3m + l)(m + 3)(m + l)m 

(33) 



m + 0,-^,-1,-7, 



and correlations on the coefficients 

4(m + 3) 2 (3m + l) 2 (m + l) 2 m 2 (273m 4 + 508m 3 + 518m 2 + 188m + 49)a 2 
a2 ~ (205m 6 + 830m 5 + 1423m 4 + 1108m 3 + 443m 2 + 78m + 9) 2 a ' 

(34) 



128(15m 2 + 10m + 7)(m + 3) 4 (3m + l) 4 (m + l) 4 m 4 a 3 



(205m 6 + 830m 5 + 1423m 4 + 1108m 3 + 443m 2 + 78m + 9) 3 a 







1024(m + 3) 6 (3m + l) 6 (m + l) 6 m 6 a 4 
" 1 ~ (205m 6 + 830m 5 + 1423m 4 + 1108m 3 + 443m 2 + 78m + 9) 4 ajj ' ^ ^ 
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Figure 2: Solution of Eq. f )37|) in the case iV = 4, m = 2, C = 1, Zq — 0, 

«0 = 1) Oil — 1- 



Eq.(|lJ) takes the form 

y(z) = (A 4 )^i cos^i (5 4 (z - 2b)), 



(37) 



where A4 and S4 are determined by formulae (1321) and (1331) . 
In the case m = 2 solution (|37j) is given in Fig. 2. 

Note, that the amplitude and period of the traveling wave solution are 
growing with the increasing of N. The dependence of amplitude on is 
illustrated in Fig. 3 in the case m = 2. 




Figure 3: The dependence of amplitude of the traveling wave solution on N. 
In the general case solution of the family of equations ([T]) takes the form 
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PJ, where parameters A N ,B N can be written as 



2 N C U((N-j)m + j) 



A N 



3=0 



(38) 



N-l 



a ]l((2(N-j)-l)m + 2j + l) 



3=0 




a (m - ljP^' 1 
ll((N-j)m + j) 



(39) 



i=o 



for m ^ - 2 (N-fi-i > = 0,l,...,iV - 1). P]!} 1 are polynomials of 



jV — 1 power. Relations for values of the coefficients (k = 0, 1, .., N) are 
found from (jUJ). 

7 Conclusion 

Let us formulate shortly the results of this paper. We have studied the 
generalized K(m, m) equations. Taking into consideration the traveling wave 
ansatz we have found the periodic wave solutions for a family of nonlinear 
partial differential equation ([1]). This family generalizes a well-known K(m,n) 
equation in the case n — m. Formula for the amplitude of the traveling wave 
in the general case is given. Exact solutions for the cases iV = 1, 2, 3, 4 of the 
family ([T]) are presented. 
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